Spin effects in above-threshold ionization of hydrogenlike highly charged ions in super-strong laser fields are investigated. Spin-resolved ionization rates in the tunneling regime are calculated by employing two versions of a relativistic Coulomb-corrected strong-field approximation (SFA). An intuitive simple-man model is developed which explains the derived scaling laws for spin-flip and spin-asymmetry effects. The intuitive model as well as our ab initio numerical simulations support the analytical results for the spin effects obtained in the dressed SFA where the impact of the laser field on the electron spin evolution in the bound state is taken into account. In contrast, the standard SFA is shown to fail in reproducing spin effects at ionization even at a qualitative level. The anticipated spin-effects are expected to be measurable with modern laser techniques combined with an ion storage facility.
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PACS numbers: 32.80.Rm, 42.65.-k State-of-the-art laser technology provides field intensities in which a free electron can achieve relativistic energies [1] stimulating the experimental investigation of the relativistic regime of laser-atom interaction in ultra-strong fields in a plasma environment [2] [3] [4] [5] [6] [7] [8] [9] . However, to investigate subtle features of the relativistic tunneling dynamics at strong field ionization, one may need to realize a pure collision of a single highly charged ion with a strong pulse of laser radiation. While separately ultra-strong lasers and highly charged ions are available in many experimental labs, only in a few places both tools are brought together, e.g., at GSI in Darmstadt, Germany where a storage ring for highly charged ions is complemented with the petawatt laser-system PHELIX [10] , providing infrared radiation of up to 10 20 W/cm 2 intensity. This offers a unique opportunity for the experimental investigation of the relativistic regime of above-threshold ionization (ATI).
The main workhorses for the analytical treatment in strong field physics, the strong field approximation (SFA) [11, 12] and the imaginary-time method (ITM) [13] [14] [15] [16] [17] , have been applied for calculation of ionization rates in the relativistic regime. The relativistic features of the momentum distribution of the ionized electron in ATI are well-known, see, e.g., [18, 19] . They are essentially determined by the electron continuum dynamics in the laser field. In contrast to that, there is no clear understanding of the electron spin dynamics in relativistic ATI. Some spin effects have been evaluated by ITM, adding a heuristic spin-action to the quasi-classical action function [15] . The spin-asymmetry at ionization with a circularly polarized laser field has been investigated in [20] using the standard SFA (S-SFA). However, the main deficiency of the S-SFA is that the Coulomb field effect of the atomic core on the electron continuum dynamics as well as the laser field influence on the bound state dynamics are neglected. In particular, the latter may be of crucial relevance for the electron's spin dynamics.
Generally, spin effects in laser fields have been in the focus of theoretical attention for a long time, in particular, for free electron motion and scattering [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . In the relativistic laseratom interaction spin effects have been shown to appear in the laser-driven bound electron dynamics [31] [32] [33] [34] . The spin dynamics in nonsequential double ionization of helium has been considered in [35, 36] .
In this paper spin effects are investigated in the relativistic tunneling ionization process of highly charged hydrogenlike ions in super-strong laser fields of linear and circular polarization. Spin-resolved ionization probabilities are analytically calculated employing a relativistic Coulomb corrected dressed SFA (D-SFA). In the D-SFA, in contrast to S-SFA, the laser field driven electron spin dynamics in the bound state is accounted for, using a nonstandard partition of the Hamiltonian within the SFA formalism [37, 38] . Asymptotic scaling laws for spin-flip and spin-asymmetry parameters are deduced. An intuitive simple-man's picture for spin effects is proposed based on the Bargmann-Michel-Telegdi equation for the spin dynamics [39] . An exemplary ab-initio numerical simulation based on the Dirac equation is carried out. Both, the intuitive explanation and the numerical simulation support the conclusion of the D-SFA on spin-effects. Unexpectedly, magnitude and scaling of the spin-flip and spin-asymmetry effects at ionization are reduced dramatically, when the electron spin dynamics in the bound state is taken into account.
SFA formalism. Spin-resolved ionization rates are calculated employing a relativistic Coulomb-corrected SFA where the impact of the Coulomb potential of the atomic core on the ionized electron continuum dynamics is treated via the eikonal approximation [40] [41] [42] [43] [44] [45] [46] . The differential ionization rate dw/d
is expressed via the SFA ionization transition matrix element [11] 
where φ is the interaction Hamiltonian, and ω is the laser frequency (atomic units are used throughout). In the relativistic Coulombcorrected SFA ψ f (r, t) is the eikonal-Volkov wave function which is a solution of the Dirac equation for a continuum electron in the laser and Coulomb field in the eikonal approximation, see Eq. (42) in [46] . The interaction Hamiltonian H int in Eq. (1) is defined via a partitioning of the total Hamiltonian
where the vector-potential of the laser field is chosen in the [45, 46] , with the unit vectork in the laser propagation direction. For the partition given by Eq. (2), the initial state φ (c) i is governed by the equation [37] 
Spin dynamics at tunneling and free motion in the continuum. The S-SFA is based on the partition whenĤ 0 corresponds to the free atomic Hamiltonian:Ĥ (S ) 0
,Ĥ (S ) int = cα · A − Φ, and the spin dynamics in the bound state is completely neglected, i.e., before tunneling from the bound state the electron spin is the same as in the initial state. In this case the spin effects are determined by the electron dynamics during tunneling and during the motion in the continuum. Because of the evident asymmetry in the spin evolution in this picture (frozen spin in the bound state and oscillating spin in the continuum) relatively large spin effects arise. On the other hand, it is well-known that the laser field can induce a large spin precession in the bound state [31, 32] . Moreover, the Zeeman-splitting of the bound state levels in the laser field can have impact on the tunneling probabilities, in this way inducing spin effects. Therefore, we use a D-SFA [46] based on another partition of the Hamiltonian
0 includes the laser field, i.e., the bound state evolution in the laser field is accounted for, described by Eq. (3).
Let us begin with the case of a linearly polarized laser field. Spin effects in the tunneling regime of ionization are built up in three steps: spin precession in the bound state, spin rotation during tunneling, and spin precession during the electron free motion in the continuum, see Fig. 1 . Only the last two steps are included in the S-SFA. First, we discuss the results of the S-SFA, to develop an intuitive picture for the last two steps of the spin evolution. Afterwards, we discuss how the picture changes when the first step is included within the D-SFA.
The S-SFA predicts a spin-asymmetry in ionization, i.e., the ionization probability depends on spin orientation with respect to the laser magnetic field
where w i f is the ionization probability from initial i to final f spin state, ± corresponds to the spin-up and -down state, respectively, w = (w ++ + w −− + w +− + w −+ )/2 is the total ionization probability averaged over the possible initial spin states, and I p is the ionization potential. We assume that E 0 /E a 1 (tunneling regime), and I p /c and the laser field amplitude E 0 . The asymmetry (5) has a simple explanation. In the S-SFA the laser quasi-static magnetic field is acting under the tunneling barrier, but not before tunneling. Since the total energy −I p is conserved before and during tunneling, the kinetic energy ε kin under the barrier is shifted due to the spin magnetic field energy ε M = E 0 /(2c) for the two spin orientations: ε kin = −I p ∓ ε M . Since the kinetic energy determines the tunneling probability, the latter becomes spindependent:
3E 0 , which explains the asymmetry expressed by Eq. (5) [49] .
When the initial electron polarization is along the laser propagation direction, there is no spin-asymmetry but a spin-flip can occur
where
2 -term in Eq. (6) originates from the tunneling step of ionization. The initial spin state polarized in the laser propagation direction |± k can be represented as a linear combination of spinors polarized in laser magnetic field direction |± B . Because the tunneling probability depends on the spin projection along the magnetic field, see Eq. (5), the coefficients of the superposition state will change during the tunneling, which is equivalent to the spin rotation in the B-k-plane: |± k = cos (6) are due to the third step: the electron motion in the laser field after exiting the tunneling barrier, which can be described by a semiclassical Bargmann-Michel-Telegdi equation [39] , attributing to the classical electron a spin angular momentum s,
with β-and γ-Lorentz factors. Using the classical equations of motions in a laser field and introducing the precession angle ϕ in thek-E-plane via s k = s cos ϕ and s E = s sin ϕ, where indices k and E indicate the vector components along the laser propagation and polarization direction, respectively, the spin precession equation is derived:
2 /4}, where η 0 is the ionization phase, ξ(η) = E(η)/cω, and E(η) the envelope of the laser field. The denominator in the expression for Ω(η) originates from the Lorentz-boost factor 1 − p k /[c(1 + γ)]. After switching off the laser field, the spin precession angle is ∆ϕ ≡ ϕ − ϕ 0 = 2 arctan ξ 0 2 sin η 0 = −2 arctan p E 2c , where ϕ = ϕ 0 at the tunneling exit, and p E = −cξ 0 sin η 0 is the final electron momentum along the laser polarization direction. Averaging over p E yields at µ 1: ∆ϕ
with the momentum distribution width ∆p E [47] . The electron spin-state after the rotation around the magnetic field axis by an angle ϕ(η) due to the electron free motion in the laser field, is |± k = cos , which leads to Eq. (6) for the spin-flip probability at µ 1. Thus, when the electron appears in the continuum nonadiabatically in a certain laser phase, the symmetry of the spin precession in the laser field is broken, resulting in an effective spin-flip at switching off the laser field. In strong laser fields with µ 1, the spin precession frequency due to free motion in the laser field initially is large ∼ ξ 0 but quickly vanishes due to the Lorentz-boost factor in Ω(η), resulting to ϕ ≈ π, i.e., to a complete spin-flip w +− /w ≈ 1, which corresponds to the first term in Eq. (6) at µ 1.
Spin-asymmetry. Now let us discuss how spin effects are modified when one takes into account the spin precession in the bound state and the Zeeman-splitting of the bound energy levels in the laser field. For this purpose we calculate the spin resolved ionization probabilities in the D-SFA based on the partition of Eq. (4). When the initial spin is aligned along the laser magnetic field, there occurs no spin precession neither in the bound, nor in the free electron state. However, in contrast to the S-SFA, here the energy of the bound state is shifted due to Zeeman-splitting. As a consequence, the spin-asymmetry in ionization, which existed in the S-SFA, is significantly reduced [see also Fig. 2 (a) ]:
with
, and
The reduced asymmetry can be understood as follows. Due to the electron spin interaction with the laser magnetic field, the electron has an additional energy (∼ B 0 /c). However, this energy is in leading order the same as in the bound as well as in the free state. The spin energy adds to or subtracts from the total electron energy for the spin-up or spin-down cases, respectively, but the kinetic energy due to the motion along the laser field that is crucial for the tunneling is unaffected and is the same for any spin value. Therefore, the ionization probability does not depend on the spin, i.e., there is no spin-asymmetry in ionization in leading order by I p /c 2 . In higher orders a small asymmetry remains of the order of ( 2I p /c 2 ) 3 . It is due to the difference in the rest-frame magnetic field in the bound and Volkov states. In the electron rest-frame there is an additional magnetic field B ≈ β × E ∼ p k E 0 /c. The momentum difference in the bound and the free state at the tunneling can be estimated p k ∼ I p /c [48] , which will lead to an asymmetry
. Thus, due to Zeeman splitting of the bound state energy, the spin-asymmetry is of order (I p /c 2 ) 3/2 , significantly less than the prediction of the S-SFA. For example, for Ne 9+ the asymmetry factor is only 1.0004 in the D-SFA, while it is 1.15 in the S-SFA. To confirm these results, we have carried out ab initio numerical calculations of the ionization probability at different initial spin states via Dirac equation. The ionization rate is deduced from the bound state depletion rate . Fig 2 (a) shows that the numerical result can be well reproduced by D-SFA.
Note that the spin-asymmetry for the differential probabilities can be significantly larger than for the total one. In fact, the spin-asymmetry parameter on the wings of the momentum distribution can be estimated to be larger than the total one by a factor (E 0 /E a )(c 2 /I p ) which can amount to an order of magnitude.
Spin-flip. We consider, using D-SFA, the role of the spin precession in the bound state on the spin-flip effect at ionization. Spin-flip happens when the initial polarization is along the laser propagation direction. In solving Eq. (3) for the electron bound state, we restrict the expansion basis of the time-dependent wave function of the bound state only over the spin quantum number, representing it as a linear combination of the states with the initial spin along the laser magnetic field: φ Fig. 2 (b) . The behavior of the spin-flip probability is quite different from the S-SFA result. In weak laser fields µ 1, there occurs almost no spin-flip:
which is in contrast to the large spin-flip prediction in the S-SFA, see Eq. (6) . Whereas in strong fields µ 1, the probabilities for the spin-up and -down states are almost equal in the final state:
while the S-SFA gives almost total spin-flip in this limit. The modification of the spin-flip probability when the spin precession in the bound state is taken into account (D-SFA), has a simple intuitive explanation. In the bound state a precession of the electron spin occurs with a frequency Ω b ≈ ωξ 0 (1 − 2I p /3c 2 ) ∼ ωξ 0 (cf. [31] ). For the electron in continuum, the spin precession frequency is Ω(η) ∼ ωξ 0 in weak fields µ 1 (the Lorentz-boost-factor has only a little influence) which coincides with the spin dynamics in the bound state. Consequently, there is no asymmetry in the spin dynamics due to tunneling and the spin state does not change when adiabatically switching on and off the laser field. In opposite, when the laser field is strong µ 1, the bound and free spin dynamics are different. The electron spin in the bound state still exhibits rapid precession with Ω b . During the dominant ionization phase δη i , the spin has many different orientations because of Ω b δη i /ω 1, with δη i ∼ √ E 0 /E a [50] , and on average spin-up and -down positions are equally probable, i.e., the spin-flip probability is approximately equal to 1/2. After the electron has tunneled into continuum, the electron drifts into the laser propagation direction and feels a slowly varying laser phase due to the Lorentz-boost factor. During the continuum motion in the laser pulse, a total spin-flip occurs ϕ ≈ π at µ 1. However, the probability ratio of the spin-up and -down states remain equally probable at the end of the pulse.
Circular polarization. Spin effects in a circularly polarized laser field are qualitatively the same as in the case of linear polarization. According to D-SFA, there is no spin-asymmetry in ionization. In a weak field, ξ 0 1, the spin-flip probability is vanishing w +− ≈ 0 (the spin quantization axis is chosen along the laser propagation direction), while in a strong field ξ 0 1, it is w +− /w ≈ 1/2, which have the same explanation as in the case of a linearly polarized field.
Experimental observability. Although, our calculations show that the spin-asymmetry is rather small and difficult for observation, the spin-flip can have rather large values in the strong field limit. For typical experimental parameters, e.g., ionization of hydrogenlike Ne The electron spin flip can also be revealed via measurement of ion parameters. The angular momentum change of the ion during ionization ∆J i can be related to the electron spin change ∆S , using the angular momentum and energy conservation laws: n = ∆J i + ∆J e and nω = I p + 2U p in the case of circular polarization, where ∆J e = ∆L e + ∆S , ∆L e = (2U p + I p )/ω is the electron orbital angular momentum change [11] and n the number of absorbed photons. Then, ∆S = −∆J i could be measured via the magnetic moment of the ionic core.
Conclusion. In the relativistic regime of tunneling ionization with super-strong laser fields large spin-flip effects are measurable when employing highly charged ions, initially polarized along the laser propagation direction. The spin-asymmetry in the ionization is rather small. Our ab initio numerical calculations confirms the physical relevance of the results of D-SFA. Our study shows that, even if an electron is very tightly bound to an ionic core, it may still be crucially affected by a laser field of moderate intensity.
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